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When the energy of the heavy quark is omparable with its mass, it is natural to attribute this
heavy quark to the hard part of the reation. At large energies, this approah is impratial due to
large logarithms from intensive QCD radiation aeting both inlusive and dierential observables.
We present a formalism for all-order summation of suh logarithms and reliable desription of heavy-
quark distributions at all energies. As an illustration, we alulate angular distributions of B mesons
produed in neutral-urrent events at large momentum transfers at the ep ollider HERA.
In reent years, signiant attention was dediated to exploring properties of heavy-avor hadrons pro-
dued in lepton-nuleon deep inelasti sattering (DIS). On the experimental side, the Hadron-Eletron Ring
Aelerator at DESY (HERA) has generated a large amount of data on the prodution of harm and bottom
mesons in neutral urrent interations (f. [1℄ and referenes therein). At present energies (about 300 GeV
in the ep .m. frame), a substantial harm prodution ross setion is observed in a wide range of Bjorken
x and photon virtualities Q2, and harm quarks ontribute up to 30% to the DIS struture funtions.
On the theory side, Perturbative Quantum Chromodynamis (PQCD) provides a natural framework for
the desription of the heavy-avor prodution. Due to large masses M of harm and bottom quarks (M2 ≫
Λ2QCD), the renormalization sale an be always hosen in a region where the eetive strong oupling αS is
small. Despite the smallness of αS , perturbative alulations in the presene of heavy avors are not without
intriaies. In partiular, are in the hoie of a proper fatorization sheme is essential for the eient
separation of short- and long-distane ontributions to the heavy quark ross setion. Reent reviews of the
theoretial status an be found in Refs. [2, 3, 4℄. The key issue here is whether, for a given renormalization
and fatorization sale µ ∼ Q, the heavy quarks of the N -th avor are treated as partons in the inoming
proton, i.e., whether one alulates the QCD beta-funtion using N ative avors and introdues a parton
distribution funtion (PDF) for the N -th avor. A related, but separate, issue is whether the mass of
the heavy quark an be negleted in the hard ross setion and/or parton distribution funtion without
ruining the auray of the alulation. Currently, several fatorization shemes [5, 6, 7, 8, 9, 10, 11, 12℄
are available that dier in the treatment of these issues; of those, the variable avor number shemes redue
to the onventional massless MS fatorization sheme in the limit Q2 ≫ M2. The general proof of the
fatorization in the presene of nonzero heavy quark masses was given in Ref. [13℄.
In the near future, we expet the quality of the heavy avor data to greatly improve. By 2006, the upgraded
ep ollider HERA will aumulate an integrated luminosity of 1 fb−1, i.e., more than eight times the nal
integrated luminosity from its previous runs. Studies of heavy quarks in ep ollisions are also envisioned at
the proposed Eletron Ion Collider [14℄ and THERA [15℄. By the end of these experiments, a large amount
of information will be available both for the inlusive observables (like the harm omponent of the DIS
struture funtions) and dierential distributions.
In our work [16℄, we address a theoretial formalism for the desription of heavy-quark dierential distri-
butions both near the heavy-quark mass threshold (Q2 ≈M2) and far beyond it (Q2 ≫M2). Our attention
is primarily foused on the angular or transverse momentum distributions of the nal-state heavy mesons.
The behavior of suh distributions is quite omplex, sine three distint momentum sales (the heavy quark
mass M , the photon virtuality Q, and the transverse momentum of the heavy quark) are involved. As a
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Figure 1: The neutral urrent semi-inlusive prodution e+p→ e+H+X of heavy mesons in the γ∗p .m. referene
frame. qµ, pµ, and pµH are momenta of the virtual photon, proton, and the heavy meson, respetively. The polar
angle θH of the heavy meson denes the sale q
2
T disussed in the text. The resummation eets onsidered here are
important in the limit θH → 0, i.e., when the nal-state heavy meson losely follows the diretion of its esape in the
lowest-order avor-exitation proess γ∗ + q → q.
result, large logarithms of ratios of two very dierent sales tend to appear in the xed-order perturbative
ross setions in some regions of the phase spae. These logarithms break the onvergene of the series
in the strong oupling αS . To obtain stable theoretial preditions, they have to be summed through all
orders of αS . The resummation is realized by the reorganization of fatorized ross setions and solution
of equations for the gauge and renormalization group invariane.
The inlusive and semi-inlusive heavy-avor ross setions may ontain large logarithms of two kinds.
The logarithms ln
(
Q2/M2
)
appear already in the inlusive observables and are resummed in the heavy-
quark PDFs. The resummation of this type onstitutes the essene of the massive variable avor number
fatorization shemes, as, for instane, the ACOT sheme [6℄. Logarithms of the form (αnS/q
2
T ) ln
m(q2T /Q
2),
0 ≤ m ≤ 2n− 1 appear at Q2 ≫M2, q2T when alulating angular dierential distributions. Here qT ≡ pT /z
is the transverse momentum pT of the heavy meson H resaled by the nal-state fragmentation variable
z ≡ (p · pH)/(p · q); p
µ, qµ, and pµH are the momenta of the initial-state proton, virtual photon, and heavy
meson, respetively. The limit q2T ≪ Q
2
is equivalent to the limit θH → 0, where θH is the polar angle of H
in the γ∗p .m. referene frame (f. Fig. 1). If M is negleted (M2 ≪ Q2), qT is simply related to θH :
q2T = Q
2
(
1
x
− 1
)
1− cos θH
1 + cos θH
−→ Q2
(
1
x
− 1
)(
θ2H
4
+ ...
)
as θH → 0.
The logarithms ln(q2T /Q
2) originate from the inomplete anellation of soft singularities and fatorization
of quasi-ollinear singularities in the xed-order ross setions.
1
The formalism for their summation was
proposed by Collins, Soper, and Sterman (CSS) to desribe angular orrelations in e+e− hadroprodution
[18, 19℄ and transverse momentum distributions in the Drell-Yan proess [20℄. Reently this formalism was
extended to desribe semi-inlusive DIS (SIDIS) prodution of pratially massless hadrons [21, 22, 23℄. The
resummation in massless SIDIS serves as a high-energy limit for our alulation.
1
A disussion of integrable singularities in the xed-order dierential distributions for the semi-inlusive DIS harm prodution
an be found in Ref. [17℄.
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Figure 2: Balane of various terms in the ACOT sheme and resummed ross setion. Graphs show qT on the x-axis
and dσ/dq2T on the y-axis.
The key result of the CSS formalism is that all logarithms due to the soft radiation in the high-energy limit
an be summed into a Sudakov exponent. This result an be summarized in the following master equation:
dσ
dQ2 dq2T
=
σ0
s
∫
d2b
(2pi)2
ei~qT ·
~b
(
Cin ⊗ f
) (
Cout ⊗ d
)
e−S + σFO − σASY . (1)
Here b is the impat parameter onjugate to qT , f and d are parton distributions and fragmentation funtions,
respetively. Cin, Cout ontain perturbative orretions to ontributions from the inoming and outgoing
hadroni jets, respetively. The fator e−S is the Sudakov exponential, whih inludes an all-order sum of
perturbative logarithms lnm (q2T /Q
2) at b . 1 GeV−1 and nonperturbative ontributions at b & 1 GeV−1.
Finally, σFO is the xed-order expression for the onsidered ross setion, while σASY (asymptoti piee)
is the perturbative expansion of the b-spae integral up to the same order of αS as in σFO. At small qT ,
where terms lnm(q2T /Q
2) are large, σFO anels well with σASY , so that the ross setion (1) is approximated
well by the b-spae integral. At qT & Q, where the logarithms are no longer dominant, the b-spae integral
anels with σASY , so that the ross setion (1) is equal to σFO up to higher-order orretions.
To extend the CSS resummation from the massless to the massive ase, the logarithms of both types
ln
(
Q2/M2
)
and ln
(
q2T /Q
2
)
should be resummed simultaneously. For the resummation of the logarithms
ln
(
Q2/M2
)
, we use the simplied ACOT fatorization sheme [12, 13℄. With regards to the logarithms
ln
(
q2T /Q
2
)
, we observe that the proof of the resummation formula in the original papers [18, 19, 20℄ does not
rely on the dimensional regularization for the soft and ollinear singularities appearing in individual Feynman
diagrams. Although the dimensional regularization does provide a onvenient way to regulate ultraviolet
singularities in αS and PDFs (and hene, denes the MS regularization and fatorization shemes), it does
not have to be invoked to regulate the singularities in the infrared region: other methods (e.g., regularization
with nonzero quark and gluon masses) will do just ne. As a result, the b-spae integral is well-dened both
for nonzero quark masses and in the limit M/Q→ 0; hene it annot ontain negative powers or logarithms
of M with the exeption of the ollinear logarithms resummed in the PDFs or fragmentation funtions. Also
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Figure 3: The angular distributions of B mesons in the γ∗p .m. frame lose to the mass threshold (Q = 5 GeV, left
gure) and at Q2 ≫M2 (Q = 50 GeV, right gure). In both ases, the ross setions are alulated for x = 0.05 and
M = 4.5 GeV using the CTEQ5HQ PDFs [24℄ and Peterson fragmentation funtions [25℄ with ε = 0.0033. The plots
show the xed-order ross setion (long-dashed line), the b-spae integral (dot-dashed line), the asymptoti piee
(dotted line), and the full resummed ross setion (solid line).
the quark masses regulate ollinear singularities, so that at least some of the logarithms are not dominant
in the threshold region. The remaining issue is about the auray of the approximation. The evolution
equations used in the derivation of the b-spae integral in Refs. [18, 19℄ did not keep trak of the power-
suppressed terms O((M/Q)n), n > 0. As a result, the b-spae integral does not neessarily approximate the
small-qT behavior of the ross setion if M/Q is not negligible. However, the full Eq. (1) does a better job
and approximates the ross setion of the order O(αkS) up to orretions of the order O(α
k+1
S ,M/Q). This
happens beause terms up to the order O(αkS ,M/Q) are aneled between the b-spae integral and σASY ;
the terms lnm
(
q2T /Q
2
)
that were not resummed (if any) anel between σFO and σASY .
Fig. 2 qualitatively illustrates the balane of various terms in the resummation formula in various regions
of phase spae for the lowest-order ontributions. First, onsider a xed-order alulation in the simplied
ACOT sheme near the threshold. In this region, the ross setion dσ/dq2T is well approximated by the
O(αS) photon-gluon diagram (Fig. 2a). To this diagram, we add the lowest-order γ
∗q term, whih resums
powers of ln(Q2/M2) and ontributes at qT = 0 (Fig. 2b). We also subtrat the overlap between the two
diagrams (Fig. 2), whih is approximately equal to, but not the same as, the γ∗q ontribution. The resulting
distribution (Fig. 2d) is lose to the xed-order result, but has disontinuities in the small qT region. These
disontinuities are amplied when Q inreases.
In the qT -resummed ross setion, the fusion diagram still dominates near the threshold, but now the
resummed ross setion and subtrated asymptoti piee are smooth funtions, whih anel well at all
values of qT (Fig. 2e-h). Hene, the distribution is physial in the whole range of qT . Finally, at Q
2 ≫ M2
the small-qT region the γ
∗g fusion ontribution is dominated by the 1/q2T term (Fig. 2i). Suh singular terms
are summed through all orders in the b-spae integral orresponding to Fig. 2j and are aneled in the fusion
ontribution by subtrating the asymptoti piee (Fig. 2k).
To further simplify the alulation, we use the results of Refs. [12, 13℄, whih to neglet masses of heavy
quarks entering the hard sattering subproess diretly from the proton. This approximation, whih diers
from the omplete mass-dependent ross setion by higher-order terms, signiantly simplies the analysis.
We therefore drop heavy-quark masses in hard sattering subdiagrams with inoming heavy quark lines.
This approximation leads to massless expressions for the perturbative Sudakov fator and C-funtions for
quark-initiated subproesses, and mass-dependent C-funtions for gluon-initiated subproesses.
5Figure 3 demonstrates how various terms in Eq. (1) are balaned in an atual numerial alulation. This
Figure shows the bottom quark prodution ross setion vs. the polar angle θH of the bottom quark in the
γ∗p .m. frame for the lowest-order proesses γ∗b→ b and γ∗g → bb¯. At this order, the perturbative Sudakov
fator is identially zero. Due to the heavy mass of the bottom quark, the b-spae integral is pratially
insensitive to ontributions from the nonperturbative QCD region b & 1 GeV−1, so that it an be alulated
without introduing a phenomenologial parameterization for the Sudakov fator in the nonperturbative
region. The same alulation an be done for the harm prodution, but in that ase the nonperturbative
Sudakov fator annot be negleted. The left gure shows that near the heavy-quark mass threshold (Q = 5
GeV) the b-spae integral anels well with its perturbative expansion σASY , so that the the full ross setion
is pratially indistinguishable from the xed-order term. On the other hand, at Q = 50 GeV (right gure)
the full ross setion is substantially larger than the xed-order term at θH . 10
◦
and is dominated by the
b-spae integral. In this region, σFO is aneled well by σASY . At θH & 10
◦
the ross setion agrees well
with the massless result. More details an be found in our upoming publiation.
To summarize, we presented a method for the alulation of angular distributions in the heavy quark
prodution both near the heavy-quark threshold and at large momentum transfers. Our method is realized
in a massive variable avor number fatorization sheme and resums transverse momentum logarithms with
the help of the b-spae resummation formalism [18, 19, 20℄. Our approah provides an adequate tool for
detailed studies of dierential distributions in a wide range of Q that will soon be available from HERA.
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